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a b s t r a c t

We present a level-set based technique to recover key characteristics of a defect or crack
(e.g. location, length and shape) in a two-dimensional material from boundary electrical
measurements. The key feature of this work is to extend the usual level-set technique
for modeling volumetric objects to very thin objects. Two level-set functions are employed:
the first one models the location and form of the crack, and the second one models its
length and connectivity. An efficient gradient based method is derived in order to define
evolution laws for these two level-set functions which minimize the least squares data
misfit. Numerical experiments show the utility of this method even in the presence of a sig-
nificant noise level in the measurements. A finite element method is used to simulate the
electric field behavior in the presence of very thin objects.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

The problem of determining the location, size and shape of flaws within a material from measurements on its surface is of
much interest in non-destructive testing. This is an important problem from the computational, medical and industrial view-
points. Boundary data can be obtained from thermal, acoustic, elastostatic, or electrostatic measurements, amongst others.
For example, Friedman and Vogelius [22] initiated these studies for a steady state thermal problem and proved uniqueness
for a single buried crack under some conditions; Liepa et al. [30] used electrical measurements to determine the location and
size of a straight-line crack; Kress [27] considered the time-harmonic acoustic inverse problem for a sound-soft crack (or
perfectly conducting) in R2. He extended this work also to the case of elastic wave scattering from a thin infinitely long cylin-
drical crack in [28].

As a model problem, we consider here a two-dimensional material X in which electric currents are created by applying
voltage potentials cj at its boundary. By doing so, the electric potential uj satisfies
r � bðxÞruj ¼ 0 in X ð1Þ
and
uj ¼ cj on @X: ð2Þ
The voltages are applied at different points at the boundary in order to create sufficient diversity in the data.
. All rights reserved.
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We are interested in the case where the conductivity profile bðxÞ contains sharp discontinuities between the background
material and a crack-like shape. Without loss of generality, we consider in this paper thin insulating cracks with a finite con-
trast in conductivity between the interior and the exterior of the crack, i.e., we model the cracks as very thin structures with a
small and fixed thickness along the crack. The location, form and connectivity structure of the cracks is unknown, which means
that the crack could consist of two (or more) different parts which are disconnected. The electrical properties in the whole do-
main are piecewise constant with only two possible values (referring to the interior and the exterior of the crack) which are
known a priori. We assume that the electrical properties inside the crack region are sufficiently different from the background
material. Therefore, our problem is an inverse crack problem related to electrical impedance tomography [24,8,15,9].

Regardless of the kind of measurements taken at the boundary, many different inversion approaches have been applied in
the literature so far to detect the presence of a crack and to determine its location and size. Overall, we can distinguish two
classes of methods: non-iterative methods and iterative methods.

Non-iterative methods, such as the reciprocity gap technique for straight-line cracks [3,2] or the factorization method
[10], are fast but generally do not provide detailed information about the crack. Baratchart et al. [5] introduced a meromor-
phic approximation approach to solve some 2D inverse problems for the Laplacian. Even though this method only requires
one numerical experiment, it can only locate the end points of the crack.

On the other hand, iterative methods are computationally more expensive. They need to solve a direct problem at each step
to compute the Fréchet derivative of the underlying forward operator, but they usually offer very accurate results (provided
that a good initial estimate of the crack is used). These methods have been studied extensively over the last two decades.
Among these methods, we mention [27,28] where the crack is found from the measured far-field data using a regularized
Newton method. Recently, Kress and Serranho [29] proposed a hybrid method to solve the inverse scattering problem for
sound-soft cracks in two dimensions. In that work, the authors combine ideas of both, non-iterative and iterative methods.
We also want to mention here that sampling methods have been applied to the inverse crack problem [26,13] with success.

For more information regarding the very interesting existing literature on crack detection problems, we refer the reader
to consulting the expositions given in [6,7,14,19,32,38], and the further references given there. We also want to mention the
recent thesis [36] which presents and compares various techniques for crack detection in non-destructive testing and the
related work in [1] which treats cracks in 3D domains by a volumetric level set approach for eddy current imaging.

The main purpose of this paper is to investigate the potential of shape-based reconstruction algorithms that use level-set
techniques to recover the location and geometry of a disconnected snake-like crack. Since the seminal work in [39], level-set
techniques (originally introduced in [34] for computational front propagation) have been widely used for solving inverse
problems with great success [39,31,21,17,12,25,37] (see [18] for a recent overview on level-set techniques applied to inverse
problems). However, level-set techniques are intrinsically designed for the case of volumetric objects. If these objects have
negligible volume, as is commonly the case in flaws encountered in materials, the standard level-set technique cannot be
applied in a straightforward manner. It is our goal here to present one possible extension of the level-set technique for
the inverse crack problem. By some appropriate adaptations of classical tools to this new situation, we give evolution laws
for an initial guess in both its normal and tangential directions during the iterative process. The evolution of the normal com-
ponent will correspond to the movement of the crack over the domain, whereas a tangential evolution will affect the length
and connectivity of the crack. We present an efficient two-step numerical scheme which during the early iterations intends
to reduce the data misfit by considering an evolving straight-line (multi) crack, and during the later iterations intends to find
more details of the crack, in particular its curvature at each point. Our technique relies on the assumption that the nonlinear
cost functional representing the data misfit can be approximated locally by a linear operator.

We mention that the direct problem of moving a curve using a level-set approach has already been studied by Burchard
et al. [11], amongst others. They represent the evolving curve in R3 by the intersection between the zero level sets of two
level-set functions, and they show that their representation automatically handles mergings and breakings of the curve un-
der a variety of geometrically based motions. The motion of curves in R2 and R3 is important to model several physical phe-
nomena such as crack growth [42–44,16]. In [42,43], the authors present an algorithm which couples the level-set method
with the extended finite element method for modeling propagating cracks. Instead, an element-free Galerkin method is used
in [44] with a vector level-set method. Also, a numerical method that couples the extended finite element method to the fast
marching method has been proposed in [16]. A review of the different techniques for tracking the motion of a curve by level-
set functions can be found in [20].

The paper is organized as follows. In Section 2 we explain our novel approach for representing cracks by a pair of two
level-set functions. In Section 3 we state the inverse problem and present the numerical algorithm for the reconstruction
of the shapes. In Section 4 we give some technical details about the numerical method, the type of measurements we
use, the regularization applied to stabilize the reconstruction process, and other details about the reconstruction algorithm.
In Section 5 we show several numerical experiments which demonstrate the performance of our new algorithm. Section 6
contains our conclusions and some hints to future work.
2. Modeling cracks using level-sets

As we have mentioned in the introduction, the current paper is an attempt towards using level-set techniques for recon-
structing objects with negligible volume. Our objective is to reconstruct the thin objects (including their connectivity) using



5712 D. Álvarez et al. / Journal of Computational Physics 228 (2009) 5710–5721
measured data taken on the boundary @X of the material. In particular, we are interested in recovering crack-like defects in a
homogeneous medium. To this end, we need first to have a tool to represent these thin objects that can handle in a flexible
way the shape reconstruction problem. We will adapt here the usual level-set representation for describing volumetric ob-
jects to the situation in which these objects are very thin. The advantage of a level-set representation compared to more tra-
ditional descriptions of shapes, like parametric representations, is that level-set methods provide an implicit representation
of the shapes. This will free us from topological restrictions during the iterative reconstruction of its shape.

Let us assume that we have a continuously differentiable level-set function uðxÞ ¼ uðx; yÞ, such that its zero level-set
[35,40]
Cu ¼ fðx; yÞ 2 X : uðx; yÞ ¼ 0g ð3Þ
specifies a connected curve within X (see Fig. 1). The normal n to Cu will be defined by
nðxÞ ¼ ru
jruj on Cu ð4Þ
pointing to the region where uðx; yÞP 0.
Notice, that so far, we would only be able to represent a single connected crack that, in addition, would reach the bound-

ary @X, being therefore ‘visible’ from outside. To circumvent this problem, the authors in [42] represent each endpoint of the
crack as the intersection of the zero level set of u with an orthogonal zero level set of another level-set function (one for each
endpoint of the crack). We follow here a slightly different approach presented in [41] to model spiral crystal growth. In this
representation, only a second level-set function is necessary regardless of the number of crack tips. This is very important in
our problem since the initial crack may break into several pieces during the reconstruction process, and therefore the num-
ber of endpoints of the evolving crack may change during the reconstruction. We also mention that, unlike in [41], the end-
points of the crack will not remain fixed during the inversion, and we will need to find an evolution law for these points.

Since we are interested in reconstructing cracks (single or multiples) with finite length completely contained inside of X,
we introduce a second level-set function w in order to select one or more parts from the curve Cu (see Fig. 2).
Ω
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Fig. 1. Modeling of a thin region: first level-set function describing the location and form of the region.
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Fig. 2. Modeling of a thin region: second level-set function describing its length and connectivity.
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This second level-set function defines the region
B ¼ fðx; yÞ 2 X : wðx; yÞ < 0g: ð5Þ
With this definition we can now specify the cracks as finite sub-intervals of Cu. They are given as
S½u;w� ¼ Cu \ B: ð6Þ
In the case of an ‘ideal’ insulating crack S of thickness zero, Eqs. (1) and (2) have to be supplemented with the null electrical
current condition [2]
bðxÞ @uj

@n
¼ 0 on S ð7Þ
across the crack.
For further analysis and numerical computation purposes, we will endow the cracks with a small and fixed thickness

characterized by e > 0, and known conductivity bi much smaller than the background value be. For this purpose, we intro-
duce a small neighborhood of Cu, defined by
Ce
u ¼ fy 2 X : y ¼ x� snðxÞ; jsj < e; x 2 Cug: ð8Þ
Therefore, we associated the above defined ‘ideal crack’ S with a ‘real crack’ counterpart Se ¼ Ce
u \ B, and the insulating con-

dition (7) by the conductivity distribution
bðxÞ ¼
bi for x 2 Se

be otherwise

�
ð9Þ
in the domain X.

3. The inverse problem

3.1. Reconstructing a crack using boundary measurements

Our objective in the inverse problem is to find a (multi) crack which satisfies the measured data, according to some cri-
terion, using a forward model for electrical impedance tomography. The physically measured data, associated to the real con-
ductivity distribution ~bðxÞ, and taken at positions dl on the boundary, l ¼ 1; . . . ; l, are given by
~gjl ¼
@uj

@n
ðdlÞ; ð10Þ
where uj solves Eqs. (1) and (2) with (9). We will denote the set of real measurements f~gjlgl¼1;...;l, for a fixed source j, by ~gj.
For a guess conductivity distribution bðxÞ, giving simulated measurements gj, we define the least square cost functional
J jðbÞ ¼
1
2
kgjðbÞ � ~gjk2

; ð11Þ
where k k represents the usual norm in Rl.
In our shape-based approach, we will adopt an iterative scheme in which the cost functional (11) is reduced at each step

of the reconstruction process. Therefore, we want to find a direction db such that the cost functional (11) decreases. We as-
sume that J jðbÞ admits the expansion
J jðbþ dbÞ ¼ J jðbÞ þ hgradbJ j; dbiP|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
dJ j

þO kdbk2
P

� �
ð12Þ
for a sufficiently small variation db. In (12), hiP represents the canonical inner product in the parameter space, and k kP rep-
resents the canonical norm. We note that a theoretical proof of the existence of the gradient of J j for a parameter distribu-
tion b with discontinuities along interfaces are beyond the scope of this paper. We refer to [23,4,18] for more details
regarding this issue.

An efficient way to compute the (pixel-based) gradient direction of J j in b is to use the adjoint formulation [9,33]. We give
here the main result.

The gradient direction of J j in b is given by
gradbJ j ¼ ruj � rzj; ð13Þ
where uj solves Eq. (1) and (2) with (9), and zj solves the following adjoint equation
r � brzj ¼ 0 in X; ð14Þ

bzj ¼ gj � ~gj on @X: ð15Þ
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We now want to use this pixel-based formulation to define a shape evolution which gradually changes an initial crack into a
descent direction until the cost is minimized. The final crack will provide us with the solution of our inverse problem. We
note that both the crack and the cost functional (11) depend on the two level-set functions u and w. We will now define
descent directions of (11) with respect to these level-set functions. To first order we can write
dJ j � duJ j þ dwJ j ¼ hgradbJ j; dubiP þ hgradbJ j; dwbiP: ð16Þ
In (16), the first term represents the variation due to the deformation of the shape ðdubÞ, and the second term represents the
variation due to the modification of its length and connectivity ðdwbÞ. We point out that in the direct problem of modeling
crack growth, it is assumed that once a part of a crack has formed, that part no longer changes shape or moves [42,43]. Hence,
unlike the method present here, in the direct problem of crack growth the zero level set must not be updated behind the
crack tips, and therefore, the deformation in the direction normal to the shape is zero when crack growth is modeled.

3.1.1. Deformation of the shape of the crack
In order to simplify the exposition we consider only one source. An analogous result holds for the total cost J ðbÞ, sum-

ming up contributions of individual sources cj.
To find the change in the cost functional associated to an individual source,
duJ j ¼ hgradbJ j; dubiP ¼
Z

X
gradbJ jðxÞðdubÞdxdy; ð17Þ
we will follow the line of reasoning given in [39] and will adapt it to our new situation. We denote the boundaries of the
extended crack (represented in Fig. 3 with dashed lines) by
S� ¼ fy 2 X : y ¼ x� enðxÞ; x 2 Sg: ð18Þ
Let us consider an (infinitesimal) displacement fðxÞ of a point x 2 S. Then, ðdubÞ will make b in the region between Sþ and
ðSþ þ fðxÞÞ become bi, and in the region between S� and ðS� þ fðxÞÞ become be (see Fig. 3). Note that both incremental areas
can be approximated by fðxÞnðxÞdsðxÞ, where dsðxÞ is the incremental arclength. Since fðxÞ is very small, we can approximate
(17) by a line integral,
duJ j �
Z

Sþ
ðbi � beÞgradbJ jðxÞfðxÞnðxÞdsðxÞ �

Z
S�
ðbi � beÞgradbJ jðxÞfðxÞnðxÞdsðxÞ: ð19Þ
This yields
duJ j ¼
Z

S
ðbi � beÞ½gradbJ jjSþ � gradbJ jjS� �fðxÞnðxÞdsðxÞ; ð20Þ
where we have used gradbJ jjS� ¼ gradbJ jðx� enðxÞÞ.
As we can see, if we choose
fðxÞ ¼ �ðbi � beÞ½gradbJ jjSþ � gradbJ jjS� �nðxÞ on S; ð21Þ
then the value duJ j is negative and, therefore, the cost functional decreases.
Fig. 3. Variation of conductivity profile due to displacement of crack.
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To generate the small displacements fðxÞ for moving the boundary, we now define on S a velocity function
vðxÞ ¼ FuðxÞnðxÞ, so that
fðxÞ ¼ FuðxÞnðxÞsu ð22Þ
for some small time step su. This amounts to the movement of points x 2 S by the vector velocity field v(x). Plugging (22)
into (20) we get the descent velocity
FuðxÞ ¼ �ðbi � beÞ½gradbJ jjSþ � gradbJ jjS�� on S: ð23Þ
Letting s! 0, and choosing a suitable extension velocity outside S, we now consider the general evolution law [18]
du
dt
¼ FuðxÞ ð24Þ
for the level-set function u. The velocity FuðxÞ controls the evolution of the level-set function, and therefore, an appropriate
choice is essential in order to obtain an optimal performance of the reconstruction process. We choose to extend the velocity
function (23) to all points in the domain as it is discussed in Section 4.3.

A finite difference time discretization of (24) gives us the iteration rule for updating the level-set function at each time
step,
uðnþ1Þ ¼ uðnÞ þ suFðnÞu ;uð0Þ ¼ u0 ð25Þ
with step-size su > 0.

3.1.2. Modification of the length and connectivity of the crack
We now want to find descent directions of the second level-set function w with respect to the least square cost functional

(11). Denote by Cw the boundary of B, Cw ¼ fðx; yÞ 2 X;wðx; yÞ ¼ 0g, and by nw ¼ rw=jrwj its outward normal. Following the
same arguments as in the previous section, we see immediately that a displacement x! xþ nðxÞnwðxÞ in the outward nor-
mal direction will give rise to a change
dwJ j �
Z

Cw\Ce
w

ðbi � beÞgradbJ jðxÞnðxÞnwðxÞdsðxÞ: ð26Þ
Therefore, the choice of the velocity
FwðxÞ ¼ �ðbi � beÞgradbJ jðxÞnðxÞnw on Cw \ Ce
w ð27Þ
guarantees a descent direction of the cost functional (11).
In fact, in our numerical experiments we will choose the extension velocity such that (27) is applied not only on Cw \ Ce

w

but for all points in the domain. In this way, it enables the creation and extinction of objects far away from the actual zero
level, enhancing topological changes during the reconstruction. The iteration for the second level set function w reads
wðnþ1Þ ¼ wðnÞ þ swFðnÞw ; wð0Þ ¼ w0: ð28Þ
4. Technical details

4.1. Numerical method

To solve the Laplace Eq. (1) in a square domain X ¼ ½0;1� � ½0;1� we use finite a element method in a triangular mesh. To
this end, we define an uniform square grid of size h and triangulate it by dividing each pixel into two triangles by cutting
along one of its diagonals. We implement the applied boundary condition cj (source) setting the potential uj equal 1 on
the exterior side of triangle at the position dj and 0 on the rest of the boundary.

A similar procedure is used to solve the adjoint Eqs. (14) and (15).

4.2. Measurements

To compute the corresponding physical measurements given by (10) and corresponding to the applied potential cj, we
employ a straightforward finite difference scheme.

In order to avoid the so called ‘inverse-crime’ we use two different grid sizes for creating the synthetic data and for the
reconstruction. To generate the true data we use h ¼ 1=200, while for the reconstruction we use h ¼ 1=100. In addition, the
generated synthetic data ~gj, associated to the true conductivity distribution ~bðxÞ, are perturbed by a �1% of random noise in
the following way: ~gj ! ~gið1þ 0:01HdÞ, where Hd is an uniform distribution of random numbers between �1 and 1. There-
fore, we incorporate to the data a ‘systematic noise’ component and a ‘random noise’ component. The resulting data will be
denoted by f~gjlgl¼1;...;l.



5716 D. Álvarez et al. / Journal of Computational Physics 228 (2009) 5710–5721
4.3. Extension, regularization and smoothing of the descent velocities

The support of the descent velocity functions, as defined in (23) and (27), is not the whole domain X, but only a set of
measure zero. One possibility to extend these velocities would just be to consider (23) and (27) in larger sets, for example,
a small neighborhood of the crack or the whole domain. However, it is well known that the gradient directions computed
directly from the adjoint formulation lead to rapidly varying functions in a spatial fine-scale, giving rise to velocities that
exhibit strong variations. This introduces instabilities during the reconstruction process that are necessary to avoid. In order
to address these issues we choose to extend and smooth the gradient directions by solving the initial value problem for the
heat equation
@vu;w

@t
� Dvu;w ¼ 0 for t 2 ½0; s� ð29Þ

vu;wð0Þ ¼ Fu;w ð30Þ

on X, with a prescribe s and homogeneous Dirichlet boundary conditions. The desired smoothed gradient velocities are then
given by
bFu;w ¼ vu;wðsÞ: ð31Þ

Here, the smoothing time s can be considered as a regularization parameter: for s ¼ 0 there is no regularization, whereas
with increasing s the updates become increasingly smoothed. Our experience shows that the choice of the value of s is cru-
cial for the algorithm to succeed. If s is chosen too small the algorithm does not work well for complicated reconstructions.
We choose s ¼ 1 so that the solutions to Eqs. (29) are sufficiently smooth in the whole domain X.

4.4. Reconstruction algorithm

Let us assume that we are given some true data f~gjlgl¼1;...;l. We now outline the reconstruction procedure:

(1) Compute the initial level-set functions, uð0ÞðxÞ and wð0ÞðxÞ, corresponding to the initial conductivity profile bð0ÞðxÞ. We
always start with a straight-line crack. Put n ¼ 0 and set j ¼ 1.

(2) Apply a voltage potential cj on the boundary and solve Eqs. (1) and (2) for the forward model on the latest best guess
bðnÞ½uðnÞ;wðnÞ�. This yields the data set gðnÞj ¼ fg

ðnÞ
jl gl¼1;...;l.

(3) Compute the residuals gðnÞj � ~gj, and solve the adjoint problem (14) and (15). Then, the gradient direction of J j is given
by (13).

(4) Compute the smoothed velocities directions bFu;w by solving the heat Eq. (29) with prescribe regularization parameters.
(5) Apply the updates (25) and (28) to the level-set functions uðnÞ and wðnÞ, respectively. The step sizes sðnÞu and sðnÞw depend

on the activated source cj, so the variations provided by each source are similar.
(6) Activate all the sources sequentially. Go to (ii) with j ¼ jþ 1, until all the voltages have been applied on the boundary.

We will refer by an iteration of the reconstruction process when all the sources have been used. To avoid certain local
minima, we activate the sources on different sides of the domain consecutively in each iteration.

(7) Check the stopping criterion. If it is not satisfied, go to step (ii) with n ¼ nþ 1 and j ¼ 1, and continue from there in an
iterative manner.
5. Numerical experiments

In our numerical experiments presented below, we consider a domain X ¼ ½0;1� � ½0;1� with uniform background con-
ductivity be ¼ 1. Inside the domain there is a crack of thickness e ¼ 1=100 and constant conductivity bi ¼ 0:01. We use 9
sources/detectors equidistantly distributed along each side of the domain. Therefore, l ¼ 9� 4, and each iteration amounts
to 36 source activations.

The first experiment consists of a single crack with changing curvature. The results are displayed in a panel of 9 images as
shown in Fig. 4. The true crack profile is shown in the center image of the bottom row. We start the reconstruction algorithm
with a straight line crack as shown in the top left image. During the first iterations (shown in the center and right images of
the top row) the crack looks for its ‘right’ location, while its length increases rapidily. The images in the middle row show
that during the next iterations the crack keeps increasing its length with the right curvature. Notice, that the right curvature
at the center of the crack is only achieved at the end of the last iterations. This is so, because the curvature is less sensitive to
the measurements than the other key properties of the crack such as its location and length. A comparison between the
reconstructed and the real cracks (depicted in the left and center images of the bottom row, respectively) show that the loca-
tion, length and form of the crack have been reconstructed successfully. In the bottom right image, we have represented, in
solid line, the evolution of the cumulative cost associated to one iteration over all different sources, defined by
J iter ¼
Xl

j¼1

J j:
The noise level is indicated by a dotted line.
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In Fig. 5 we have plotted the initial and final level set functions of the reconstruction process presented above. The top
row shows the initial level-set functions uð0ÞðxÞ (left image) and wð0ÞðxÞ (right image). The bottom row shows the final le-
vel-set functions uðnÞðxÞ (left image) and wðnÞðxÞ (right image) after 15 iterations.

The second experiment deals with the reconstruction of a multi-crack consisting of three disconnected components as
shown in the center image of the bottom row of Fig. 6. As in the previous example, the results are displayed in a panel of
9 images that show the profiles at different moments of the reconstruction process (see caption), the true profile (at the cen-
ter of the bottom row), and the evolution of the cumulative cost along with the noise level. In this example there is not a
‘single’ location of the true crack, and therefore, during the first iterations the reconstructed crack first breaks into several
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Fig. 6. Second numerical experiment: reconstruction of three cracks. On the two first rows, and from left to right we show: the initial guess, and the
reconstructions after 1/3, 1, 7, 10 and 14 iterations. On the third row, and from the left to right we show: the final reconstruction (24 iteration), the real
crack, and the evolution of Jiter versus the number of iterations (the noise level is represented with a dotted line).

0
0.5

1

0

0.5

1
−2

0

2

.5 10

1

.5

0
0 .5 1

1

.5

0

0
0.5

1

0

0.5

1
−10

−5

0

5

Fig. 7. Top row: Final level-set functions uð24ÞðxÞ (left) and wð24ÞðxÞ (right) of the numerical experiment shown in Fig. 6. Bottom row: contour plot of the sign
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pieces. Note that at some intermediate steps of the reconstruction process, there are even more pieces than the true one. At
later steps of the reconstruction some of these pieces disappear, and at the end of the iterative process we find the three
disconnected shapes of the crack. Again, a comparison between the reconstructed and the real cracks (depicted in the left
and center images of the bottom row, respectively) shows a very good estimate of the location, form and connectivity of
the real crack.

In the top row of Fig. 7 we have plotted the final level-set functions uðnÞðxÞ (left image) and wðnÞðxÞ (right image) of the
reconstruction process shown in the previous experiment. The bottom row of this figure shows the corresponding sign func-
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Fig. 8. Third numerical experiment: reconstruction of a close curve. On the two first row, and from left to right we show: the initial guess, and the
reconstructions after 1/3, 3/2, 3, 5, 7 iterations. On the third row, and from left to right we show: the final reconstruction (14 iterations), the real crack, and
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tions. Notice, that the intersection between the zero level set of the level-set function u (bottom left image) and the regions
where w < 0 (bottom right image) defines the reconstructed crack shown in the bottom left image of Fig. 6.

In the third experiment we investigate whether our method is able to reconstruct the shape of a crack represented by a
closed curve. Fig. 8 shows the results. From the beginning of the iterative process, the initial guess (left image in the top row)
starts bending until it reaches its correct shape (compare the reconstructed and the real cracks depicted in the left and center
images of the bottom row, respectively). In Fig. 9, we display the final level set functions (top row) uðnÞðxÞ (left) and wðnÞðxÞ
(right), and their corresponding sign functions (bottom row). Note that in this case in which the crack consists of a closed
curve, the second level-set function wðnÞðxÞ on the right column completely encircles the crack defined by the first level-
set function uðnÞðxÞ on the left column, and therefore it would not be necessary.
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Finally, we show the results for the case in which the crack has a pitchfork shape, as shown in the center image of the
bottom row in Fig. 10. In this case there is a singular point from which three crack branches depart. The cost, depicted in
the right bottom image, shows a rapid decrease during the first few iterations of the reconstruction. When the reconstructed
crack is located nearby the real crack, although with a wrong shape (see the center image of the top row), the cost reaches a
local minimum. The following iterations of the reconstruction process exhibit an oscillatory behavior of the cost evolution.
This is so, because in each step of the algorithm we force the reconstructed crack to move a certain number of pixels, even-
though it could be in a local minimum (observe that in the previous reconstructions the cost functional is not strictly
decreasing neither). We note that during the reconstruction, our algorithm creates branches that are removed at the next
iterations in a non convergent way. Nevertheless, we point out that the reconstructions associated with the global minima
of the cost function (shown, for example, in the center images of the top and middle rows) allow us to estimate the location
and length of the real crack and to guess its real shape.

6. Conclusions

We have extended the usual level-set technique for modeling and propagating volumetric objects to the case of very thin
objects such as cracks. For this purpose, two level-set functions have been employed in this work: one to model the location
and shape of the crack, and the other to define its length and connectivity. A shape-based reconstruction technique, such as
the one presented here, performs particulary well in the cases where there is some noticeable contrast between the object
and the background medium, so the interfaces are well defined. This is especially important in the applications in which it is
more important to recover the shapes of the hidden objects than to recover their internal properties.

In this work, we have demonstrated that our approach gives rise to good reconstructions in the presence of noise, even for
quite difficult situations. So far, we have limited our investigation to the case in which the electrical properties are piecewise
constant over the whole domain with only two possible values that are known a priori. In our future research, we plan to
investigate more complicated situations in which we will simultaneously reconstruct the shape and the conductivity value
in the interior of the crack.
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